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Abstract
We study the motion of a stochastic string in the background of a BTZ black hole. In the 1+1
dimensional boundary theory this corresponds to a very heavy external particle (e.g, a quark),
interacting with the fields of a CFT at finite temperature, and describing Brownian motion. The
equations of motion for a string in the BTZ background can be solved exactly. Thus we can use
holographic techniques to obtain the Schwinger-Keldysh Green function for the boundary theory
for the force acting on the quark. We write down the generalized Langevin equation describing the
motion of the external particle and calculate the drag and the thermal mass shift. Interestingly
we obtain dissipation even at zero temperature for this 1+1 system. Even so, this does not violate
boost (Lorentz) invariance because the drag force on a constant velocity quark continues to be
zero. Furthermore since the Green function is exact, it is possible to write down an effective
membrane action, and thus a Langevin equation, located at a “stretched horizon” at an arbitrary
finite distance from the horizon.
∗pinakib@imsc.res.in
†bala@imsc.res.in
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1 Introduction
AdS/CFT correspondence [1–3] has been used quite successfully to study thermal properties such
as the viscosity of N = 4 super Yang-Mills theory at finite temperature. Dissipation and thermal
fluctuation are two sides of the same coin as embodied in the famous fluctuation dissipation (FD)
theorem. The study of fluctuations using holographic techniques has been done in several papers
[4–7,9–11,13] and the fluctuation dissipation theorem has been shown to hold. Different techniques
[4,5] have been used to address this issue. A very versatile technique is in terms of Green functions.
Son and Teaney [5] have used holographic techniques to calculate Green functions to address these
questions in the context of Brownian motion of a particle such as a quark.
The fluctuation-dissipation theorem in the context of Brownian motion has been studied by
Kubo [17,18] and Mori [19,20] amongst others. Brownian motion can be described as a stochastic
process [21]. In some approximation it is Markovian. If we can assume that velocities at two
instants are not correlated, then it is a Markovian process when described in terms of position.
Thus one can define a probability P (x(t), t;x(t0), t0) as the conditional probability for the particle
to be in position x(t) at time t given that it was at x(t0) at time t0. One can also write a Fokker
Plank equation for P (x(t), t;x(t0), t0). On the other hand if we want a finer description one can
use the velocity as the variable defining the Markovian process in terms of P (v(t), t; v(t0), t0). This
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is a good approximation as long as the duration of a collision is very small, which is equivalent to
saying that acceleration at different instants is uncorrelated. The Fokker-Planck equation in the
velocity description is
∂P (v, t)
∂t
= − ∂
∂v
a1(v)P +
a2
2
∂2P
∂v2
(1.1)
Here a1 =
〈∆v〉
∆t and a2 =
〈(∆v)2〉
∆t . Here ∆v is the change in velocity in time ∆t.
One can obtain these from the related Langevin equation:
mv˙ = −γv + ξ(t) (1.2)
where ξ(t) is the random force that is responsible for the fluctuations, obeying 〈ξ(t)ξ(t′)〉 = Γδ(t−t′)
and 〈ξ(t)〉 = 0. v(t0) = v0 is the initial condition. Thus a1 = 〈v(∆t) − v0〉 = − γmv0∆t. From the
solution of the Langevin equation (taking t0 = 0):
v(t) = v0e
− γ
m
t +
1
m
∫ t
0
e−
γ
m
(t−t′)ξ(t′)dt′ (1.3)
one can obtain a2 =
Γ
m2
. Thus the Fokker Planck equation becomes:
∂P (v, t)
∂t
=
γ
m
∂
∂v
vP +
Γ
2m2
∂2P
∂v2
(1.4)
Finally since we know that P (v) = e−
mv2
2kT is a time independent solution of the Fokker-Planck
equation we get
Γ = 2γkT (1.5)
This is the fluctuation dissipation theorem in this context, because it relates Γ, the strength of
the fluctuation, to γ the strength of the dissipation.
The Langevin equation is much more convenient to work with. To the extent that it assumes
that time scales are larger than the microscopic time scale it must fail for very small time scales.
As Kubo has shown, stationarity should imply that
d
dt0
〈v(t0)v(t0)〉 = 0 = 〈v˙(t0)v(t0)〉
Whereas (1.3) gives
〈v˙(t0)v(t0)〉 = − γ
m
〈v(t0)v(t0)〉 6= 0
The random force ξ represents the effects of the interaction of other degrees of freedom on our
particle and the assumption that the correlation time is zero is unphysical. A proper microscopic
theory that incorporates these effects should not give this contradiction. Kubo has argued that
one can replace Γδ(t− t′) by a more general Γ(t− t′) which is less singular than a delta function.
To see this we modify the Langevin equation to
mv˙ = −
∫ t
t0
dt′γ(t− t′)v(t′) + ξ(t) (1.6)
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As long as
lim
t→t0
∫ t
t0
dt′γ(t− t′)v(t′) = 0, (1.7)
the aforementioned contradiction is avoided. Thus
γ(ω) =
∫ ∞
0
dt eiωtγ(t)
acquires a non trivial frequency dependence. With this it can be shown that∫ ∞
0
dt eiωt〈ξ(t0)ξ(t0 + t)〉 = Γ(ω) = kTγ(ω) (1.8)
This is the fluctuation-dissipation theorem that replaces (2.18)1. In fact more generally fluc-
tuation dissipation theorems can be stated in terms of properties of various two point correlation
functions. This is particularly clear in the Schwinger-Keldysh formalism. Son and Teaney have
shown how the Schwinger-Keldysh Green functions can be obtained holographically and their
holographic calculation gives such a frequency dependent correlation function for the noise which
satisfies the FD theorems. However if one expands in powers of frequency one cannot see the
softening of the delta function. One needs a more non perturbative result.
In addition to obtaining a Langevin equation for the boundary theory at infinity, Son and
Teaney also obtained an effective membrane action and a Langevin equation, at a “stretched”
horizon close to the event horizon. However in AdS5 the equations cannot be solved exactly. Thus
the solution had to be worked out as a power series in the frequency. In this paper we do an
almost identical calculation for the case of the BTZ black hole in AdS3 where one can solve the
bulk equation of motion exactly. This was first shown in [4] where some exact correlators were
computed. We then use the techniques of [5] to obtain the Schwinger-Keldysh Green functions
exactly. We do indeed find the softening of the delta function that avoids the contradiction pointed
out by Kubo. It is interesting that internal consistency at the microscopic level is built into the
holographic formalism. (Of course the holographic result is in some sense the leading term in
a “strong coupling” expansion i.e, large N and large λ limits of the theory. Departures from
large N requires quantum or stringy corrections in the bulk, whereas departure from large λ
suggests ‘supergravity’ is not a good approximation and needs higher derivative corrections to the
gravitational theory. Therefore to ensure consistency at higher orders it may be that one has to
embed the boundary theory in a string theory.)
We also find the interesting phenomenon of dissipation at zero temperature. This is a little
puzzling because at zero temperature one expects the system to have Lorentz invariance and boost
invariance would say that a quark moving at a constant velocity cannot possibly feel any drag force.
One can indeed check in our case, that even though the Green function does have a dissipative
1The factor of 2 has disappeared because in the Laplace transform the integral is from 0 to ∞ and not from −∞ to
∞.
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component at zero temperature, the frequency dependence is such that force on a constant velocity
quark does continue to be zero. Thus there is nothing unphysical about this. Accelerating quarks
can certainly experience dissipation by coupling to the massless degrees of freedom in the conformal
field theory - i.e. “radiation” [35–37]. Dissipation at zero temperature has been reported in the
literature earlier [35–46].
We are also able to place the membrane at an arbitrary location without a power series ex-
pansion and thus obtain a generalized Langevin equation at an arbitrary location. We believe this
may be useful in a holographic RG analysis of this system.
In the path integral approach to the Langevin equation it is manifest that both γ(ω) and Γ(ω)
are related to correlation functions of the noise. Γ is related to the symmetric two point function
and γ to the retarded two point function. The FD theorem is then a statement of a relation be-
tween these two correlation functions and what we find is, as expected, consistent with this theorem.
This paper is organized as follows: Section 2 is a description of the Langevin equation and its
derivation using the Schwinger-Keldysh technique and is a review. In Section 3 the retarded Green
function is calculated using the usual AdS/CFT prescription. For the BTZ case the Green function
can be obtained exactly. This section contains one of the main results of this paper. The Section 4
is mainly a review where we repeat the Son and Teaney derivation of the Schwinger-Keldysh Green
functions using holography. This is also then a verification of the FD theorem. The main point of
departure is that the various Green functions that make up the Schwinger-Keldysh Green function
are all known exactly in the BTZ case. Section 5 starts with a brief review of the holographic RG as
discussed in [50] and its relevance for our work. It also contains the second main result of this paper
in which, by calculating the bulk to bulk propagators exactly, we obtain an effective “boundary”
action but now with the boundary at an arbitrary location. From the boundary perspective this is
like an effective action at an arbitrary point along the RG flow . In Section 6 different time scales
relevant to Brownian motion have been discussed. Section 7 contains some conclusions.
2 Langevin Dynamics : A Review
Here the Langevin dynamics [22] will be reviewed in brief. Suppose in a viscous medium a very
heavy ( compared to the masses of the medium particles ) particle is moving. Its dynamics will be
described by the Langevin equation2
Mkin
dv
dt
+ γv = ξ(t) (2.1)
with 〈ξ(t)ξ(t′)〉 = Γδ(t− t′) = 2kTγδ(t − t′) (2.2)
where −γv is the drag , ξ is the random noise and Mkin is the “renormalized mass” in the
thermal medium. Evidently equation (2.2) is a statement of fluctuation-dissipation theorem. At
2This is actually the small-frequency limit of the generalized Langevin equation (1.6). In Section 3 it will turn out
that one obtains the generalized Langevin equation (1.6) from holographic calculation rather than its local version (2.1).
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Figure 1: Schwinger-Keldysh contour for systems in thermal equilibrium with temperature β−1
the ultimate long time limit we can neglect inertial term in (2.1)
γv = ξ (2.3)
and can define the diffusion coefficient as
D =
T
γ
(2.4)
We will see later the dynamics on the stretched horizon (5.32) is identical to this overdamped
motion (2.3).
The aim of this section is to review how to derive Langevin equation from path integral for-
malism. There are many good references [23, 24] for detail description of this derivation, we will
go through this quickly just to fix the notation we will use through out this article and we follow
mostly the steps sketched in [5]. We can define the partition function for a heavy particle in a heat
bath using a Schwinger-Keldysh contour (fig.1)
Z =
〈∫
[Dx1][Dx2] ei
∫
dt1M0Qx˙
2
1 e−i
∫
dt2M0Qx˙
2
2 ei
∫
dt1φ1(t1)x1(t1) e−i
∫
dt2φ2(t2)x2(t2)
〉
bath
(2.5)
φ1, φ2 are the heat bath degrees of freedom which act like sources. x1, x2 are the fields “living” on
the two different sections 1 and 2 of the time contour. We will see later in the gravity side these
are the two types of field those “live” on the two boundaries, 1 and 2 of the full Kruskal diagram
(fig.2). Path integral along the vertical portion of the contour gives us average over the thermal
density matrix e−βH . And σ is a free parameter that can take any value. For this discussion we
can safely choose σ = 0 and later we will see that this choice is necessary for “ra formalism” which
is used extensively in real time thermal field theory literature [9, 24–26].
For very heavy particle we can consider the forces on the particle is very small compared to
inertial term so we can expand it in second order , take the average over bath and make it an
exponentiate again to get
Z =
∫
[Dx1][Dx2] ei
∫
dt1M0Qx˙
2
1 e−i
∫
dt2M0Qx˙
2
2 e−
1
2
∫
dtdt′xs(t)[〈φ(t)φ(t′)〉]ss′xs′(t′) (2.6)
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Here the Green function takes a 2× 2 matrix form as there are two type of fields and it is contour
ordered .
[〈φ(t)φ(t′)〉]ss′ ≡ i
(
G11(t, t
′) −G12(t, t′)
−G21(t, t′) G22(t, t′)
)
(2.7)
Notice that G11(t, t
′) is the usual time ordered Feynman Green function where as G22(t, t′) is anti-
time ordered Green function.
In operator language, if we define
φ(t) = eiHtφ(0)e−iHt (2.8)
The different Green functions are defined as,
iG11(t, t
′) = 〈T φ(t)φ(t′)〉 (2.9)
iG22(t, t
′) = 〈T˜ φ(t)φ(t′)〉 (2.10)
iG12(t, t
′) = 〈φ(t′)φ(t)〉 (2.11)
iG21(t, t
′) = 〈φ(t)φ(t′)〉 (2.12)
The KMS relation Tr[e−βHφ(t)φ(0)] = Tr[e−βHφ(0)φ(t + iβ)] is easy to prove using cyclicity
of the trace and the definition (2.8). This implies for the Fourier transform
eβω
∫ ∞
−∞
dt eiωt〈Tr[e−βHφ(0)φ(t)]〉 =
∫ ∞
−∞
dt eiωtTr[e−βHφ(t)φ(0)] (2.13)
In addition to this if we add iG11 + iG22 we will get
iG11(t, t
′) + iG22(t, t′) =〈T φ(t)φ(t′)〉+ 〈T˜ φ(t)φ(t′)〉
=〈φ(t)φ(t′)〉{θ(t− t′) + θ(t′ − t)}
+ 〈φ(t′)φ(t)〉{θ(t′ − t) + θ(t− t′)}
=iG12(t, t
′) + iG21(t, t′) (2.14)
Therefore we can write
G11 +G22 = G12 +G21 (2.15)
Note that (2.15) is true only for σ = 0. We will see our Green functions will obey this relation.
Using (2.13) and (2.15) all these components of the matrix can be expressed in terms of any
one Green function, say retarded Green function
i GR(t) = θ(t) 〈[φ(t), φ(0)]〉bath (2.16)
Thus for instance we can use
Im GR(ω) = − i
2
∫ ∞
−∞
dt eiωt〈[φ(t), φ(0)]〉 = − i(e
βω − 1)
2
∫ ∞
−∞
dt eiωt〈φ(0)φ(t)〉 (2.17)
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to write
Im GR(ω) = −i tanh
(
βω
2
)
Gsym(ω) (2.18)
where3 Gsym(ω) =
1
2
∫∞
−∞ dt 〈{φ(t), φ(0)}〉eiωt .
Now we will introduce the previously advertised ra formalism. We have already taken σ = 0
. As we are working with very heavy quark the motion will be nearly classical. So, x1 ∼ x2 .
Therefore we can use some sort of “centre of mass” coordinates for the particle and for the forces
too.
xr =
x1 + x2
2
xa = x1 − x2 (2.19)
φr =
φ1 + φ2
2
φa = φ1 − φ2 (2.20)
r and a here refer to retarded and advanced respectively and we should remember xa is a very
small quantity for quasi-classical description. Now substituting (2.19) and (2.20) into the partition
function (2.6)
Z =
∫
[Dxr] [Dxa] e−i
∫
dtM0
Q
xax¨r e−i
∫
dtdt′[xa(t)iGR(t,t′)xr(t′)− 12xa(t)Gsym(t,t′)xa(t′)] (2.21)
where the propagators
Gsym(t, t
′) = 〈φr(t)φr(t′)〉 = 1
2
〈{φ(t), φ(t′)}〉 (2.22)
iGR(t, t
′) = 〈φr(t)φa(t′)〉 = θ(t− t′)
〈
[φ(t), φ(t′)]
〉
(2.23)
As we have argued earlier the different Green functions are not independent. In particular the
retarded and the symmetric Green function are related .
iGsym(ω) = −(1 + 2nB) Im GR(ω) (2.24)
Here nB(ω) =
e−βω
1−e−βω is the Bosonic occupation number . This is just a rewriting of (2.18).
This is a canonical statement of fluctuation-dissipation theorem. Later in this section we will
identify these two Green functions as γ(ω) and Γ(ω) of the equations (1.6) and (1.8). Now we can
write down the path integral in Fourier space
Z =
∫
[Dxr] [Dxa] exp
(
−i
∫
dω
2π
xa(−ω)[−M0Qω2 +GR(ω)]xr(ω)
)
e−
1
2
∫
dω
2pi
xa(−ω)[iGsym(ω)]xa(ω)
(2.25)
3According to our definition Gsym(ω) is purely imaginary.
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Now we introduce a new random variable which we call ξ in anticipation that it will turn out to
be the random noise, by defining
e−
1
2
∫
dω
2pi
xa(−ω)[iGsym(ω)]xa(ω) =
∫
[Dξ] ei
∫
xa(−ω)ξ(ω)e−
1
2
∫ ξ(ω)ξ(−ω)
iGsym(ω)
dω
2pi (2.26)
The partition function becomes
Z =
∫
[Dxr] [Dxa] [Dξ] e−
1
2
∫
dω
2pi
ξ(ω)(−ω)
iGsym(ω) exp
(
−i
∫
dω
2π
xa(−ω)[−M0Qω2xr(ω) +GR(ω)xr(ω)− ξ(ω)]
)
(2.27)
Integrate out xa(−ω) to get a delta function in ω-space
Z =
∫
[Dxr] [Dξ] e−
1
2
∫
dω
2pi
ξ(ω)(−ω)
iGsym(ω) δω
[−M0Qω2xr(ω) +GR(ω)xr(ω)− ξ(ω)] (2.28)
This partition function is an average over the classical trajectories for the heavy particle under the
noise ξ . [−M0Qω2 +GR(ω)]x(ω) = ξ(ω) 〈ξ(−ω)ξ(ω)〉 = iGsym(ω) (2.29)
Going back to time space we obtain the generalized Langevin equation
M0Q
d2x(t)
dt2
+
∫ t
−∞
dt′ GR(t, t′)x(t′) = ξ(t) 〈ξ(t)ξ(t′)〉 = iGsym(t, t′) (2.30)
GR(t, t
′) is thus the same as γ(t − t′) of Section 1 for the choice t0 = −∞ and iGsym(t, t′) is the
same as Γ(t− t′).
Now if the Green function is expanded for small frequencies the coefficient of ω2
(
i.e, d
2x(t)
dt2
)
adds to the mass of the particle and the coefficient of ω
(
i.e, dx(t)dt
)
will contributes as the drag
term
GR(ω) = −∆Mω2 − iγω + . . . (2.31)
After taking into account the thermal mass correction we define the effective mass
Mkin(T ) =M
0
Q +∆M
Then the Langevin equation reads
Mkin
d2x
dt2
+ γ
dx
dt
= ξ (2.32)
with 〈ξ(t)ξ(t′)〉 = Γ(t− t′) (2.33)
These equations are identical to (2.1) and (2.2).
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3 Obtaining the Generalized Langevin Equation from
Holography
The Einstein-Hilbert action for AdS3 which has negative cosmological constant, − Λ = 1L2 is given
by
IEH =
1
2π
∫
dt dr dx
√−g
[
R+
2
L2
]
+ IB’dy (3.1)
In this units 16πG is same as 2π. And therefore, 8G = 1. Since G goes as length in 2+1 dimensions
this defines a choice of length units.
We write down the action for a string stretching from the horizon (r = rh) towards the AdS
boundary and ending on the probe brane at r = rm , in background metric of AdS3 with a BTZ
black hole embedding. The BTZ metric is
ds2 = −
(
r¯2
L2
− 8GM
)
dt2 +
(
r¯2
L2
− 8GM
)−1
dr¯2 +
r¯2
L2
dx2 (3.2)
Let’s write this background metric as
ds2 =
r¯2
L2
[−f(br¯)dt2 + dx2]+ L2dr¯2
f(br¯)r¯2
(3.3)
where r¯ is the canonical choice of coordinate with dimension of length, b is the inverse horizon
radius, L is the AdS radius. In our unit, rh = b
−1 =
√
8GM L .
So, f(br¯) = 1 − 8GML2
r2
. Thus f(r) = 1 − 1
r2
and πT =
√
8GM
2L =
√
2GM
L defines the Hawking
temperature. b = 12πTL2 is an alternate expression for b, which can be taken to be the black hole
mass parameter.
Now we will write the same metric (3.3) with a dimensionless coordinate, r ≡ br¯
ds2 = (2πT )2L2
[−r2f(r)dt2 + r2dx2]+ L2dr2
r2f(r)
(3.4)
We want to study the small fluctuation of the string in this non trivial background. The
Nambu-Goto action is
S = − 1
2πl2s
∫
dτdσ
√
− det hab (3.5)
Target space coordinates are,
Xµ ≡ (t, r, x)
And world sheet coordinates are,
σ0 = τ and σ1 = σ
Now we will choose (static gauge),
t = τ and r = σ
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So,
x ≡ x(τ, σ) = x(t, r)
Induced metric ,
hab = Gµν
dXµ
dσa
dXν
dσb
a, b = 0, 1
Gµν is the target space metric which is AdS3-BH for present case.
h ≡ det(hab) =
∣∣∣∣∣∣∣
Gµν
dXµ
dτ
dXν
dτ Gµν
dXµ
dτ
dXν
dσ
Gµν
dXµ
dσ
dXν
dτ Gµν
dXµ
dσ
dXν
dσ
∣∣∣∣∣∣∣
=
∣∣∣∣∣∣∣
Gtt +Gxxx˙
2 Gxxx˙x
′
Gxxx
′x˙ Grr +Gxxx′
2
∣∣∣∣∣∣∣
h = −(2πT )2L4
[
1 + (2πT )2r4f(r)x′2 − x˙
2
f(r)
]
For small fluctuations x′ and x˙ are very small. So we can write
√−h = (2πT )L2
√
1 + (2πT )2r4f(r)x′2 − x˙
2
f(r)
≈ (2πT )L2
[
1 +
1
2
(2πT )2r4f(r)x′2 − 1
2
x˙2
f(r)
]
Action for the small fluctuation of string world sheet
S = −(2πT )L
2
2πl2s
∫
dtdr
[
1 +
1
2
(2πT )2r4f(r)x′2 − 1
2
x˙2
f(r)
]
Now define , mass per unit r
m ≡ (2πT )L
2
2πl2s
=
√
λT ; defining,
(
L
ls
)4
≡ λ (3.6)
And the local tension
T0(r) ≡ (2πT )
3L2
2πl2s
fr4 = 4
√
λπ2T 3fr4 = 4
√
λπ2T 3r2(r2 − 1) (3.7)
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Then the action reduces to
S = −
∫
dtdr
[
m+
1
2
T0(∂rx)
2 − m
2f
(∂tx)
2
]
(3.8)
The equation of motion (EOM) can be obtained by varying the action (δS = 0 ),
0 = −m
f
∂2t x+ ∂r(T0(r)∂rx) (3.9)
Then the standard way is to write down the EOM in Fourier space
x(r, t) =
∫
dω
2π
eiωtfω(r)x0(ω)
x(r = rm, t) =
∫
dω
2π
eiωtx0(ω) with, fω(rm) = 1
Therefore the EOM in terms of the modes reduces to
w
2
f
fω(r) + ∂r[fr
4∂rfω(r)] = 0 (3.10)
where we have defined w ≡ ω/(2πT ) .
For our case f(r) = 1− 1
r2
, so the EOM reduces to
∂2rfω +
2(2r2 − 1)
r(r2 − 1) ∂rfω +
w
2
(r2 − 1)2 fω = 0 (3.11)
This is an ordinary second order linear differential equation in r. This can be recast into associated
Legendre differential equation which one can solve exactly4. The general solution to the EQM will
be
fω(r) = C1
P iw1
r
+ C2
Qiw1
r
(3.12)
where Pµλ and Q
µ
λ are associated Legendre functions and C1,C2 are two constants which will be
determined by two boundary conditions at the horizon (r = 1) and at the boundary (r → ∞) of
the AdS space. We will impose the following boundary conditions on the modes, fω to obtain the
retarded Green function as prescribed by Son and Starinets [27]. Actually this “prescription” has
been derived quite rigorously later by van Rees in [51] based on the dictionary of the Lorentzian
AdS/CFT as formulated in [52]. Furthermore the application of this formalism to holographic
Brownian motion is described in Appendix D of [53] .
4The exact solution to this EOM for a stochastic string in BTZ background was obtained earlier by J. de Boer et al.
in [4] to calculate some exact correlators.
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1. At the horizon to impose the ingoing wave boundary condition one has to pick the solution
P iw1
r ( see appendix A). So,
fRω (r) ∼
P iw1
r
2. The other condition that it should satisfy at the “boundary” ( rm , say, where rm >> 1) of
the AdS space is, r → rm , fRω (r)→ 1 .
fRω (r) =
(1 + r)iw/2
(1 + rm)iw/2
(1− r)−iw/2
(1− rm)−iw/2
rm
r
2F1(−1, 2; 1 − iw; 1−r2 )
2F1(−1, 2; 1 − iw; 1−rm2 )
=
(1 + r)iw/2
(1 + rm)iw/2
(1− r)−iw/2
(1− rm)−iw/2
rm
r
w+ ir
w+ irm
(3.13)
Now the retarded correlator GR(ω) is defined as
G0R ≡ limr→rm T0(r)f
R
−ω(r)∂rf
R
ω (r) = − M0Qω2 +GR(ω) (3.14)
M0Q is zero temperature mass of the external particle and the term containing it comes from
the “divergent part” of the boundary limit ( i.e, rm →∞). Our goal here is to extract GR(ω) and
then some interesting physical quantities like viscous drag and mass shift form it.
rm is a regulator here. So to calculate the retarded correlator we should take the limit r → rm.
Taking this limit, from (3.13),
∂rf
R
ω (r)
∣∣∣∣
r→rm
= − w(rmw+ i)
rm(rm2 − 1)(rm − iw) (3.15)
and using the fact that fR−ω(rm) = 1 , we obtain
G0R = T0(r)f
R
−ω(r)∂rf
R
ω (r)
∣∣∣∣
r→rm
= − 4
√
λπ2T 3
rmw(rmw+ i)(rm + iw)
(r2m +w
2)
(3.16)
= − 4
√
λπ2T 3
rmw(rmw+ i)
(rm − iw) (3.17)
Equation (3.17) is an exact expression for the retarded force-force correlator for the boundary
field theory. Note also that it has a singularity only in the lower half ω-plane as required for a
retarded Green function. But it is written in terms of two dimensionless parameters r and w. To
make the scaling behavior of the boundary theory correlator more natural we use the corresponding
dimensionful parameters, namely ω = 2πTw , r¯m = 2πTL
2rm.
Now we can introduce a mass scale µ ≡ r¯m
l2s
. Actually, as discussed in Section 5.1, µ can be treated
as a renormalization group (RG) scale for the dual field theory. Therefore we do not have to push
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µ all the way to infinity5. We would rather take the point of view that the parameters of the field
theory run with µ such a way that the physical quantities remain unchanged. So the correlator
reduces to
G0R(ω) = − µω
(i
√
λ 4π2T 2 + µω)
2π(µ − i√λω) (3.18)
Now absorbing the divergent piece ( the leading term in the large µ expansion which goes as
µω2 ) in the definition of the zero temperature mass of the Brownian particle and subtracting it
from G0R we can define the retarded boundary Green function, GR
G0R ≡ − M0Qω2 +GR(ω) (3.19)
where, M0Q =
µ
2π
(3.20)
=
√
λT rm
=
√
λ
πL2
r¯m
As mentioned above, M0Q is nothing but the mass of the string stretching from r¯m to 0 in the zero
temperature limit. And,
GR(ω) = − i
√
λµω(4π2T 2 + ω2)
2π(µ− i√λω) (3.21)
=
µω
2π
(ω2 + 4π2T 2)
(ω + i µ√
λ
)
(3.22)
GR(ω) is clearly finite in the µ→∞ limit.
Now expanding GR (3.21) in small frequencies , ω
GR(ω) ≈ 2λπT
2
µ
ω2 − i
(
2
√
λπT 2ω +
(√
λ
2π
− 2(
√
λ)3πT 2
µ2
)
ω3
)
(3.23)
Again we know when GR(ω) is expanded in small ω it takes the form
GR(ω) = −iγ ω −∆Mω2 − iρ ω3 + . . . (3.24)
where γ and ∆M are the viscous drag and the thermal mass shift for the Brownian particle.
Whereas ρ is some higher order “drag coefficient” as it is known that the imaginary part of the
retarded Green function (Im GR(ω)) is responsible for dissipation.
5There is also another physical reason why it shouldn’t be pushed all the way to the boundary. In such case the mass
of the heavy quark is infinite and there would be no Brownian motion.
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Now comparing (3.23) and (3.24) we can identify
γ = 2
√
λπT 2 (3.25)
∆M = − 2λπT
2
µ
(3.26)
= −
√
λT
1
rm
(3.27)
ρ =
√
λ
2π
− 2(
√
λ)3πT 2
µ2
(3.28)
Note that the particle’s rest mass at zero temperature, M0Q (3.20) and its viscous drag, γ
(3.25) are identical to that of a quark in an N = 4 SYM plasma at finite temperature in 3+1
dimensions [5, 32–34]. But the thermal mass shift, ∆M is vanishingly small for large value of
µ. We have intentionally kept the O(r−1m ) term to look at its leading behavior. ∆M has the cor-
rect dimension since rm is a dimensionless quantity ( rm = br¯m and b ∼ length−1 and r¯m ∼ length).
One can also compare this mass shift with that obtained by considering the change in mass of
a static string coming from the change in its length due to the presence of a horizon.
∆M = −
∫ r¯h
0
(Tension).
√−g dr¯
= − 1
2πl2s
∫ r¯h
0
√−gttgrr dr¯
= − r¯h
2πl2s
= −TL
2
l2s
= −
√
λT
One sees that it is not quite the same as (3.26). In lower dimension systems the effect of
fluctuations could be much larger and could explain the discrepancy.
Notice that if we take the limit µ→∞ (ultra-violet limit) and T → 0 we obtain
GR(ω) = − i
√
λ
2π
ω3 (3.29)
which doesn’t contain any dimensionful parameter other than ω and thus properly describes a
conformal field theory at UV fixed point.
We can now put T = 0 in (3.21) to get
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GR(ω)
∣∣∣∣
T=0
=
µω3
2π(ω + i µ√
λ
)
=
µω3(ω − i µ√
λ
)
2π(ω2 + ( µ√
λ
)2)
(3.30)
The presence of an imaginary part in GR(ω) signifies dissipation. Thus an interesting result we
get from the expression (3.30) is a temperature independent dissipation.
• For low frequency regime (ω << µ) at zero temperature we recover (3.29) which shows the
diffusive behavior,
GR(ω)
∣∣∣∣
T=0
≈ − i
√
λ
2π
ω3 (3.31)
• If we consider the frequency range ω >> µ 6
GR(ω)
∣∣∣∣
T=0
≈ µω
2
2π
− i µ
2ω
2
√
λπ
+ . . . (3.32)
We see a drag like term proportional to ω. This term strongly suggests that there must be
“drag” for the heavy particle even at zero temperature for this 1+1 d CFT.
At first sight this is puzzling because Lorentz invariance of a theory would say that a quark
moving with a constant velocity for all time, should not slow down - this would violate boost
invariance7. In fact the drag force on a particle moving with a constant velocity turns out to be
zero as we see below. The drag force F (t) is given by (in frequency space)
F (ω) = GR(ω)x(ω)
For a particle moving at constant velocity x(t) = vt. This translates to
x(ω) = −ivδ′(ω)
Since GR(ω = 0) = G
′
R(ω = 0) = 0, the force is zero. In more detail, since we have a distribution
δ′(ω), we should consider a smooth function f(ω) and evaluate the integral:∫
dω GR(ω)x(ω)f(ω) =
∫
dω GR(ω)(−ivδ′(ω))f(ω) = 0
on integrating by parts.
6If we are to think of µ as an effective cutoff of the theory, then we should keep ω < µ. So this is only a formal limit.
7A Similar phenomenon has been observed for theories with hyperscaling violation [6, 7]. Clearly these backgrounds
break Poincare invariance. For these non-relativistic situations, energy and momentum are conserved but drain into the
soft infra-red modes of the theory [6, 8]. Moreover, this mechanism of energy loss is present even at constant velocity of
the particle! Evidently this phenomenon is quite different from the one we are addressing in the present article.
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(One can trace this to (3.30) which says that GR(ω) starts off as ω
3.)
The phenomena of zero temperature dissipation have been noticed in holography [35–40] and
many other contexts [41–46]. The physical mechanism that gives rise to energy loss at zero temper-
ature in the relativistic theories was first explained in [35], and then elaborated on in [36,37]. For
accelerated quarks in the vacuum of a CFT, energy and momentum are radiated away by emission
of gluonic quanta (SYM fields), in analogy with the theory of radiation in classical electrodynam-
ics. This in turns leads to a Lienard-like formula for the rate of energy loss and a generalized
Lorentz-Dirac equation that captures the effects of radiation damping. The previous interpreta-
tion agrees with the fact that a quark moving with constant velocity does not feel drag force and
thus, does not radiate. Moreover, for the Langevin dynamics around accelerated trajectories at
zero temperature [12, 13], it has also been seen that the stochastic motion of the heavy probe is
not due to collisions with the fluid constituents but rather arises due to the random emission of
gluonic radiation8.
We conclude this section with some more remarks on the zero temperature dissipation term:
• It is finite and cannot be renormalized away in the boundary theory by Hermitian counter
terms.
• There has been some discussion in the literature on zero temperature dissipation [41–46,54].
[54] advocate renormalizing this term away by subtracting the contribution from pure AdS
which corresponds to a vacuum. While this is certainly a valid option, we do not feel compelled
to do this, because as we have seen in this 1+1 dimensional system there is no violation of
any physical principle such as Lorentz invariance. Also as the calculations of radiation show,
there is a compelling physical reason to expect that it should be there.
• We take the view point that µ is finite because it is to be interpreted as an RG scale. Also
as mentioned earlier, as µ → ∞ the particle becomes infinitely heavy. Otherwise there is
nothing pathological in our calculation even if µ is infinite.
• There are some 1+1 condensed matter systems [41–46]9 which exhibit such dissipation (or
decoherence) at absolute zero due to zero-point fluctuations.
8 This interpretation is further supported by studies of the radiation pattern of a heavy quark [14, 15]. See [16] for a
review of all these topics.
9The authors would like to thank G. Baskaran for pointing out these references.
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Figure 2: AdS space in Kruskal coordinates
4 Schwinger-Keldysh Propagators from Holography :
A Review
The first two subsections of this section are basically review of how to get Schwinger-Keldysh
propagators in the boundary field theories using extended Kruskal structure of the black hole.
This is written in terms of the retarded Green functions. Thus combining this with the results of
Section 3, we immediately obtain the exact Schwinger-Keldysh Green functions for our system.
4.1 Kruskal/Keldysh correspondence
Herzog and Son [28] derived Schwinger-Keldysh propagators from bulk calculation in AdS5-Schwarzschild
metric. They analytically continued [30,31] the modes of the scalar field from I to II (see figure 2).
During this procedure only the modes near the horizon are crucial. It is very straight forward to
see that their prescription goes through for AdS3-BTZ background too, as modes near the horizon
behave identically. The same method is also applicable to our system with string where modes are
functions of frequency (ω) only. Their derivation involved symmetric contour i.e, σ = β/2 . As we
want to express our result in ra formalism we will fix σ = 0 as before. We just sketch the generic
four step AdS/CFT procedure .
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1. The EOM for the fluctuating string is solved subjected to the boundary conditions
lim
r→rm
x(ω, r1) = x
0
1(ω) (4.1)
lim
r→rm
x(ω, r2) = x
0
2(ω) (4.2)
Here r1 , r2 are the radial coordinates in L and R regions respectively. Now the general solutions
in L and R are
x(ω, r1) = a(ω)fω(r1) + b(ω)f
∗
ω(r1) (4.3)
x(ω, r2) = c(ω)fω(r2) + d(ω)f
∗
ω(r2) (4.4)
2. We have four undetermined coefficients in (4.3) and (4.4) but have only two boundary
conditions namely (4.1)and (4.2). So to specify the solution uniquely we need other two constraints
. Imposing horizon boundary conditions we can eliminate two coefficients namely c(ω) and d(ω).
Near the horizon the ingoing and outgoing modes in the R region behave as
e−iωtfω(r1) ∼ e−i ω2piT log(V ) (4.5)
e−iωtf∗ω(r1) ∼ e+i
ω
2piT
log(−U) (4.6)
Now following [28] we will analytically continue the solution from R (U < 0, V > 0 ) to L( U > 0,
V < 0 ) region such that the solution is analytic in lower V plane and upper U plane10.
fω(r1)→ e−ω/2T fω(r2) (4.7)
f∗ω(r1)→ e+ω/2T f∗ω(r2) (4.8)
Therefore the solution when analytically continued to L region becomes
x(ω, r2) = a(ω)e
−ω/2T fω(r2) + b(ω)e+ω/2T f∗ω(r2) (4.9)
But as mentioned above this is a special case where the contour is symmetric i.e, σ = β/2. One can
generalize this result by starting with V → |V |e−iθ and −U → |U |e−i(2π−θ) and defining σ ≡ θ2πT
, then continuing analytically to get
fω(r1)→ e−ωσfω(r2) = fω(r2) (4.10)
f∗ω(r1)→ e+ω/T e−ωσf∗ω(r2) = e+ω/T f∗ω(r2) (4.11)
here we have taken σ = 0 as usual. So, the solution in L region reduces to
x(ω, r2) = a(ω)fω(r2) + b(ω)e
+ω/T f∗ω(r2) (4.12)
10This choice is motivated by the fact that in field theory Feynman Green function contains +ve energy modes for
t → ∞ and -ve energy modes for t → −∞. And the Green function (G11) for the field theory “living” on the boundary
of the R-region should be time ordered one like usual Feynman Green function,GF in Minkowski space.
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Now imposing the boundary conditions (4.1),(4.2) into (4.3) and (4.12) we can solve for a(ω)
and b(ω)
a(ω) = x01(ω){1 + nB(ω)} − x02(ω)nB(ω) (4.13)
b(ω) = x02(ω)nB(ω)− x01(ω)nB(ω) (4.14)
Now we have the solution fully specified by R and L region solutions (4.3) and (4.12) satisfying
necessary boundary conditions at the boundary and the horizon .
3. The next step is to plug this solution into the boundary action
Sb’dy = −T0(rm)
2
∫
r1
dω
2π
x1(−ω, r1) ∂rx1(ω, r1) + T0(rm)
2
∫
r2
dω
2π
x2(−ω, r2) ∂rx2(ω, r2) (4.15)
to get
iSb’dy = −1
2
∫
dω
2π
x01(−ω)
[
iRe G0R − (1 + 2nB) Im G0R
]
x01(ω)
+ x02(−ω)
[−iRe G0R − (1 + 2nB) Im G0R] x02(ω)
− x01(−ω)
[−2nB Im G0R] x02(ω)
− x02(−ω)
[−2(1 + nB) Im G0R] x01(ω) (4.16)
Here retarded Green function is defined as
G0R(ω) ≡ T0(r)
f−ω(r) ∂rfω
|fω(r)|2
∣∣∣∣
r=rm
(4.17)
(as r →∞ , |fω(r)|2 → 1 . So the numerator is already normalized if the probe brane is very close
to the boundary.)
4. The last step is to take functional derivative with respect to x01 and/or x
0
2 which are acting
like two source terms for the boundary field theory to get the Schwinger-Keldysh propagators
Gab =
[
iRe G0R − (1 + 2nB) Im G0R −2nB Im G0R
−2(1 + nB) Im G0R −iRe G0R − (1 + 2nB) Im G0R
]
(4.18)
Gab is exactly known from the expressions of G
0
R in (3.19) and (3.22).
Now we want to express our result in ra formalism. So we need to covert x1, x2 into xr, xa.
Then the relations between bulk and the boundary fields reduce to
xa(ω, r) = f
∗
ω(r)x
0
a(ω) (4.19)
xr(ω, r) = fω(r)x
0
r(ω) + i(1 + 2nB)Imfω(r)x
0
a(ω) (4.20)
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Figure 3: Visualizing the boundary stochastic motion of the heavy particle by integrating out all string
degrees of freedom.
And the boundary action in this set up becomes
Sb’dy = − T0(rm)
2
∫
rm
dω
2π
xa(−ω, r) ∂rxr(ω, r)− T0(rm)
2
∫
rm
dω
2π
xr(−ω, r) ∂rxa(ω, r) (4.21)
Plugging (4.19) and (4.20) into the boundary action as before we end up getting
iSb’dy = −i
∫
dω
2π
x0a(−ω) [G0R(ω)] x0r(ω)−
1
2
∫
dω
2π
x0a(−ω) [iGsym(ω)] x0a(ω) (4.22)
4.2 Boundary stochastic motion
Now here we want to have the boundary stochastic motion of the string. The partition function
for the string can be written as
Z =
∫
[Dx1Dx01] [Dx2Dx02] eiS1−iS2 (4.23)
where Dx01 is a measure for temporal path of the string end point and Dx1 is a measure for the
bulk path integral for the body of the string in R-region of the full Kruskal plane. Similarly Dx01
and Dx1 are defined in L-region.
[Dx01] =
∏
t
dx01(t), [Dx1] =
∏
t,r
dx1(t, r) (4.24)
To obtain the effective action of the string end points we will integrate out all string coordinates
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inside the bulk. If we do this path integral (over the terms contained in the bracket)
Z =
∫
[Dx01] [Dx02] [Dx1] [Dx2] eiS1−iS2︸ ︷︷ ︸
≡
∫
[Dx01] [Dx02]eiS
0
eff (4.25)
We have absorbed the field independent determinant in the normalization of the path integral. Now
will use the results from previous section where we have already calculated the boundary actions
(4.15) and (4.21). As there is no “boundary” at the horizon there will be only two boundary terms
from the two boundaries of the Kruskal plane.
S0eff = −
T0(rm)
2
∫
r1
dω
2π
x1(−ω, r1)∂rx1(ω, r1) + T0(rm)
2
∫
r2
dω
2π
x2(−ω, r2)∂rx2(ω, r2) (4.26)
Now we can easily write down the partition function for the string endpoints in ra formalism
from (4.22)
Z =
∫
[Dx0r ] [Dx0a] eiS
0
eff (4.27)
iS0eff = −i
∫
dω
2π
x0a(−ω)[G0R(ω)]x0r(ω)−
1
2
∫
dω
2π
x0a(−ω)[ iGsym(ω)]x0a(ω) (4.28)
Notice that the effective partition function of the string end points (4.27) is exactly similar to
the Fourier space path integral (2.25). Therefore we can perform the same procedure of introducing
a “noise”, ξ to obtain the following equations of motion obeyed by the string end points[−M0Qω2 +GR(ω)] xr(ω) = ξ(ω) 〈ξ(−ω)ξ(ω)〉 = −(1 + 2nB)ImGR(ω) (4.29)
Here we have used the facts that
G0R(ω) = −M0Qω2 +GR(ω),
iGsym(ω) = −(1 + 2nB)ImGR(ω)
5 Effective Action at General r : Brownian Motion on
Stretched Horizon
Since we have an exact solution one can hope to generalize the membrane paradigm by locating
the membrane at arbitrary r (r0, say). This would be in the spirit of a holographic renormalization
group (RG) [49, 50] approach to the problem. This would then justify the statement made in
Section 3 that µ can be interpreted as an RG scale. This is done in this section. We begin with a
review of some basic ideas in holographic RG following [50].
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5.1 Holographic Renormalization Group
A version of the holographic RG that is useful here was discussed in [50] and is reviewed in this
section. The main idea is to start with an action, which is the original bulk action supplemented by
a boundary action at r = r0, that takes into account the effect of integrating out of the bulk region
r > r0.
11 This region r > r0 in the bulk represents the high energy region of the boundary field
theory. The so called “alternative quantization” [48] where the boundary value of the bulk field φ is
interpreted as the expectation value of a boundary single trace operator rather than as a source for
the boundary operator comes in handy in explaining the approach. The boundary action obtained
this way can also be interpreted as the generating functional for a different boundary theory that
is obtained by the so called “standard quantization”. Furthermore there is an RG flow from the
first boundary action perturbed by a relevant deformation involving double trace operators to the
second boundary action.
Thus we begin with
S =
∫ r0
0
dr dDx
√−g
[
− 1
2
∂Mφ ∂Nφ g
MN − V (φ)
]
+ SB[φ, r0] (5.1)
In the [50] D is the space time dimension of the boundary theory and φ fills all of AdS bulk.
However we can interpret D for our purposes as the dimension of a brane/string hanging down
from the boundary into the center with the other end going into the horizon of the black hole.
Thus in our case φ(x) = x(r, t), D = 1 and the action becomes
S =
∫ r0
0
dr dt
√−g
[
− 1
2
(
∂tx(r, t) ∂tx(r, t) g
tt + ∂rx(r, t) ∂rx(r, t) g
rr
)− V (x)]+ SB [x, r0]
(5.2)
This can be compared with (3.8) and we see that it is exactly the same with V (x) = m, which
does not contribute to the equations of motion, and so can be ignored in this discussion.
For our purposes, since we are only interested in the two point function, we can think of the
boundary action as
SB [φ, r0] =
1
2
∫
r=r0
dDk φ(k)GR(k, r0)φ(−k) (5.3)
Specializing to our case this becomes:
SB [x, r0] =
1
2
∫
r=r0
dω x(ω)GR(ω, r0)x(−ω) (5.4)
The parameters of the boundary field theory action are collected here in GR(k, r0) and their
dependence on the RG scale r0 is indicated. When we vary φ we get the usual bulk equation and
also a (boundary) condition at the boundary r = r0. This depends on the boundary action and is:
GR(k, r0) = −
√−ggrr ∂rφc(r0)
φc(r0)
(5.5)
11In this subsection for compatibility with [50] we use r for the dimensional variable. This would be r¯ in other sections.
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Fixing the solution to the equation of motion, a second order differential equation in r, requires
specifying φ(r0) and ∂rφ(r0). If we specify φ(r0) and ∂rφ(r0), GR is fixed by this boundary
condition. In the alternative quantization GR is the coefficient of the quadratic term in the effective
action of the boundary theory. On the other hand if we interpret SB(φ) as the generating functional
for the boundary theory, GR(k, r0) is the Green function of the boundary theory. This is the
interpretation that is relevant for us. The Green functions in the two cases are inverses of each
other.
One important point is that if the bulk equation of motion is linear, therefore scaling φ(r0) by
a number just scales the solution everywhere by the same number. Hence GR is not affected. But
this would not be true in a non linear bulk theory. In Sec 3 we have a linear approximation to the
equation for the string fluctuation. Thus there is no loss of generality in setting φ(r0) = 1.
In this approach one can write down an RG, [50], that says the total action (evaluated on the
solution) cannot depend on r0. As also shown in [50] the parameters of the boundary action must
vary such that the the classical solution is reproduced. Thus solving the RG gives the classical
solution. The converse is also true. It is easy to see [50] that if we use the exact classical solution
in the action, the RG becomes an identity, because it becomes equivalent to imposing (5.5).
The above formalism can be applied to our case where we use (5.2) and (5.4).
GR(ω, r0) = −
√−ggrr ∂rxc(r0)
xc(r0)
(5.6)
with
√−ggrr = T0. This is the same as (3.14) except that we have not assumed any normalization
for the xc(r0).
As we change r0 to r
′
0, RG demands that one has to change the boundary condition on x and
the boundary action so that physical quantities are fixed. In our case since we know the exact
solution, we know the boundary condition at r′0: x(r
′
0) = xc(r
′
0) where xc is the exact classical
solution, which has an earlier prescribed boundary value at r0. We also know the new boundary
action. It is given by (5.3) where GR(r
′
0) is given by (5.5), where the RHS is evaluated at r
′
0.
(Actually for the situation in Section 3, the equation for x is linear, and as mentioned above we
can just continue to use x(r′0) = 1.) The functional form of the Green function does not change -
except that all explicit r0’s are replaced by r
′
0’s. Thus the parameter µ =
r0
l2s
used in Section 3 can
be understood as a renormalization scale.
Thus G0R in our case is the correlation function for the random force i.e. we interpret the action
involving x as the generating functional for the boundary theory of the random force acting on the
quark.
(3.18) has a diffusive pole at −iµ√
λ
. This gives an exponential decay time scale for the random
force acting on the quark. Being a mass scale it is appropriately proportional to µ the RG scale.
From the point of view of the action for x (which is the coordinate of the quark in addition to being
the source for ξ), this is a non local quadratic term and cannot be renormalized away by adding
local counter terms. For the effective action for ξ the random force acting on the quark, which
involves the inverse Green function, this is a zero rather than a pole. However being imaginary, it
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Figure 4: Integrating out the string degrees of freedom inside a hypothetical “membrane” and push it
very close to the horizon (i.e, stretched horizon) to obtain a Langevin equation which is overdamped.
cannot be renormalized away by a hermitian counter term in the bare action, and furthermore the
powers of ω in the denominator would make the counterterm non local. This leads us to conclude
that this pole represents a physical effect in the low energy dynamics of the quark.
5.2 Placing the Membrane at Arbitrary r
In the previous section we have integrated out all modes of the string to obtain the effective action
for the string end points and we end up getting a Langevin equation on the boundary. Here our
aim is to obtain such an effective action on a spatial slice at a general value of r (r0, say). This
requires determining the solution to the EOM (3.11) exactly which we have already obtained (3.13).
Then we will choose r0 very close to rh to get a Langevin equation on that stretched horizon (a
hypothetical membrane which we consider to be very close to the horizon of the black hole).
For this purpose again we write the partition function of string in several parts
Z =
∫
[Dx01Dx>1 Dxr01 ] [Dx02Dx>2 Dxr02 ] [Dx<1 Dx<2 ] eiS
>
1 −iS>2 eiS
<
1 −iS<2 (5.7)
As before Dx01 is a measure for temporal path of the string end point and Dx>1 and Dx<1 are the
measures for the bulk path integral for the body of the string outside and inside of the spatial slice
in R-region and Dxr01 denotes the temporal path integral for the string end point on the spatial
slice (see fig. 4). Whereas S>1 is the action outside the spatial slice and S
<
1 is the action inside the
spatial slice. Same is true for L region. This time integrating out the region of the string inside
r = r0.
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Z =
∫
[Dx01Dx>1 Dxr01 ] [Dx02Dx>2 Dxr02 ] eiS
>
1 −iS>2 [Dx<1 ] [Dx
<
2 ] e
iS<1 −iS<2︸ ︷︷ ︸ (5.8)
=
∫
[Dx01Dx>1 Dxr01 ] [Dx02Dx>2 Dxr02 ] eiS
>
1 −iS>2 eiS
r0
eff (5.9)
Where Sr0eff = The boundary action which passes through x
r0
1 (ω) and x
r0
2 (ω).
Notice here the stretched horizon at r = r0 is a boundary. And the older boundary conditions are
now applicable at r = r0. So the the bulk fields, x
<
1,2(r, ω) and the boundary fields, x
r0
1,2(ω) are
related by
x<1 (r1 = r
0
1, ω) = x
r0
1 (ω) (5.10)
x<2 (r2 = r
0
2, ω) = x
r0
2 (ω) (5.11)
And if we use the ra basis then the boundary conditions reduce to
x<a (ω, r) = f
∗
ω(r)x
r0
a (ω) (5.12)
x<r (ω, r) = fω(r)x
r0
r (ω) + i(1 + 2nB)Imfω(r)x
r0
a (ω) (5.13)
Going through the same calculation as before and using the fact there is no “boundary” at the
horizon we end up getting the membrane effective action
Sr0eff = −
T0(r0)
2
∫
r01
dω
2π
x<1 (−ω, r)∂rx<1 (ω, r) +
T0(r0)
2
∫
r02
dω
2π
x<2 (−ω, r)∂rx<2 (ω, r) (5.14)
Now if we use the ra-coordinates then using (5.12) and (5.13) we will have
iSeff = −i
∫
dω
2π
xr0a (−ω)[Gr0R (ω)]xr0r (ω)−
1
2
∫
dω
2π
xr0a (−ω)[ iGr0sym(ω)]xr0a (ω) (5.15)
The retarded propagator is defined such that it is normalized at the spatial slice. Now the
expression for retarded force-force correlator can be written down for any fixed value of r0. Using
the value of T0(r) from (3.7) and substituting the expression for fω(r) from (3.13)
Gr0R (ω) ≡ T0(r)
f−ω(r)∂rfω
|fω(r)|2
∣∣∣∣
r=r0
= −
√
λπ2T 3
2
r0w(r0w+ i)
(r0 − iw) (5.16)
= − µ0ω (i
√
λπ2T 2 + µ0ω)
2π(µ0 − i
√
λω)
(5.17)
(5.16) and (5.17) are exact expressions for the retarded propagator on the probe brane which
is placed at r = r0 and or equivalently when the field theory is probed at the energy scale µ0 =
r¯0
l2s
. It trivially reduces to the boundary propagator G0R(ω) as in (3.16) when r0 → rm.
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The other point we want to emphasis here is that the retarded Green function (3.22) which is
derived using holography incorporates the “softening of delta function” to avoid the contradiction
described in section 1.
lim
t→t0
∫ t
t0
dt′ γ(t′) = lim
t→t0
∫ t
t0
dt′
∫ ∞
−∞
dω e−iωt
′
γ(ω) (5.18)
= − lim
t→t0
∫ t
t0
dt′
∫ ∞
−∞
dω e−iωt
′ µω
2π
(ω2 + π2T 2)
(ω + i µ√
λ
)
(5.19)
One can perform the contour integral for ω to pick up the residue at ω = − i µ√
λ
. So the
corresponding integral
lim
t→t0
∫ t
t0
dt′ 2πi e−
µ√
λ
t′
µ(−i µ√
λ
)
2π
((
−i µ√
λ
)2
+ π2T 2
)
→ 0 (5.20)
This shows that our Green function (5.17) is consistent with (1.7).
From (5.9) it is evident that after we integrate out the string coordinates inside r = r0 we have
partition functions of two haves of the Kruskal plane and which are coupled by the membrane
effective action , Sr0eff . Now will be shown (and already been mentioned) that a part (G
r0
sym)of this
“coupling” introduces thermal noise. It can be done following exactly same procedure of invoking
a horizon noise for the second part of eiS
r0
eff in the partition function
e−
1
2
∫
dω
2pi
x
r0
a (−ω)[iGr0sym(ω)]xr0a (ω) =
∫
[Dξr0 ] ei
∫
x
r0
a (−ω)ξr0 (ω) e
− 1
2
∫ ξr0 (ω)ξr0 (−ω)
iG
r0
sym(ω) (5.21)
with , 〈ξr0(−ω)ξr0(ω)〉 = iGr0sym(ω) = − (1 + 2nB)ImGr0R (ω) (5.22)
We have computed the contribution coming from the boundary action namely Sr0eff . Now in order
to calculate the partition function (5.9) we need to look at the bulk contributions. In ra basis this
bulk action reduces to
iS>1 − iS>2 = −i
∫
dω
2π
dr
[
T0(r)∂rx
>
a (−ω, r)∂rx>r (ω, r)−
mω2x>r (ω, r)x
>
a (−ω, r)
f
]
= −i
∫
dω
2π
x>a (−ω, r) [T0(r)∂rx>r (ω, r)]
∣∣∣∣r=rm
r=r0
− i
∫
dω
2π
drx>a (−ω, r)
[
−∂r(T0(r)∂rx>r (ω, r))−
mω2x>r (ω, r)
f
]
(5.23)
From (5.15), (5.21) and (5.23) we can finally write
iS>1 − iS>2 + iSr0eff =− i
∫
rm
dω
2π
x0a(−ω, r) [T0(rm)∂rx>r (ω, r)]
− i
∫
r0
dω
2π
xr0a (−ω, r) [−T0(r0)∂rx>r (ω, r) +Gr0R (ω)xr0r (ω)− ξr0(ω)]
− i
∫
dω
2π
dr x>a (−ω, r)
[
−∂r
(
T0(r)∂rx
>
r (ω, r)
) − mω2x>r (ω, r)
f
]
(5.24)
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The path integral reduces to
Z =
∫
[Dx0rDx>r Dxr0r ] [Dξr0 ] e
− 1
2
∫ ξr0 (ω)ξr0 (−ω)
−(1+2nB )ImG
r0
R
(ω) [Dx0aDx>a Dxr0a ] eiS
>
1 −iS>2 +iS
r0
eff︸ ︷︷ ︸
=
∫
[Dx0rDx>r Dxr0r ] [Dξr0 ] e
− 1
2
∫ ξr0 (ω)ξr0 (−ω)
−(1+2nB )ImG
r0
R
(ω) δω
[−T0(rm)∂rx>r (ω, r)]r=rm
δω
[
−∂r(T0(r)∂rx>r (ω, r)) −
mω2x>r (ω, r)
f
]
δω[−T0(r0)∂rx>r (ω, r) +Gr0R (ω)xr0r (ω)− ξr0(ω)]r=r0 (5.25)
We have integrated over the terms inside the bracket viz, [Dx0a], [Dx>a ] and [Dxr0a ]. This path
integral (5.25) leads to three equations for boundary end point, the horizon end point and the
body of the string.
I. The boundary end point dynamics is governed by the deterministic equation which just
tells us this end point is free
T0(rm)∂rx
>
r (ω, r) = 0 (5.26)
II. The body of the string, as expected, satisfies the equation of motion[
∂r
(
T0(r)∂rx
>
r (ω, r)
)
+
mω2x>r (ω, r)
f
]
= 0 (5.27)
III. And the end point on the r = r0 membrane obeys the stochastic equation of motion
T0(r0)∂rx
>
r (ω, r) + ξ
r0(ω) = Gr0R (ω)x
r0
r (ω) (5.28)
with, 〈ξr0(−ω)ξr0(ω)〉 = −(1 + 2nB)ImGr0R (ω) (5.29)
This is the Langevin dynamics describing the endpoint of the string living on the membrane at
r = r0.
So far in this section everything was for arbitrary r0 . Now for the sake of completeness we
follow Son and Teaney [5] again to re-derive the overdamped motion on the stretched horizon and
also the boundary FD equation for AdS3-BH which is identical to their (AdS5-BH) calculation.
For that purpose we want to move this membrane very close to the horizon i.e, r0 = 1 + ǫ ; ǫ is
very small (see fig. 4). Putting this value of r0 into (5.16) one obtains retarded Green function on
the stretched horizon
GhR(ω) = − lim
ǫ→0
√
λπ2T 3
2
[
i(1 + 2ǫ)(w +w3)
1 + 2ǫ+w2
+
2ǫw2
1 + 2ǫ+w2
]
∼ −iγω (5.30)
Here we have assumed that frequency is very small i.e, w << 1. The other point to notice is the
“inertial term” is suppressed by an extra factor of ǫ . And as ǫ → 0 the mass of the string end
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point on the stretched horizon ,
MhQ ≡
2ǫ
1 + 2ǫ
√
λT 2
2
→ 0 (5.31)
( Expanding the real part of GhR(ω) in ǫ we get correction to mass , ∆M ∼ O(ǫ2). )
Therefore from (5.28) and (5.30) one obtains the Langevin equation on the stretched horizon
T0(rh)∂rx
>
r (ω, r) + ξ
h(ω) = −iωγxhr (ω) (5.32)
with, 〈ξh(−ω)ξh(ω)〉 = (1 + 2nB)γω (5.33)
This is the overdamped motion of the horizon end point as discussed in [5], where the first term
signifies the pulling of the end point by the string outside the horizon. Vanishing of MhQ (5.31) is
the reason behind getting an overdamped Langevin dynamics.
Our next task is to investigate how the fluctuations on this membrane is transmitted to the
boundary through the string dynamics such that the boundary end point satisfies a Langevin
equation (4.29). In other words, we wish to have a relationship between ξh and ξ0 and using this
we want to show the fluctuation-dissipation for boundary fluctuations, ξ0. To proceed let’s consider
the behavior of the solution near the AdS boundary
x(ω, r) = x0(ω)fω(r) + ξ
0(ω)
[
Imfω(r)
−ImGR(ω)
]
(5.34)
where fω(r) is non-normalizable and Imfω(r) is a normalizable mode. −ImGR(ω) is just a normal-
ization such that ξ0(ω) can be recognized as the boundary fluctuation. Now if substitute this (5.34)
into the equation describing boundary dynamics (5.26) we obtain expected Brownian equation for
the boundary end point
[−M0Qω2 +GR(ω)]x0(ω) = ξ0(ω) (5.35)
To get the fluctuation-dissipation relation for ξ0 we use
−iωγ = T0(rh)f−ω(rh)∂rfω(rh)|fω(rh)|2 (5.36)
to re-write the equation at the stretched horizon dynamics (5.32) as
ξ0(ω)
−ImGR(ω)T0(rh) [fω(rh)∂rImfω − Imfω(rh)∂rfω(rh)] + fω(rh)ξ
h(ω) = 0 (5.37)
But the term in the square bracket is theWronskian (B.3) of the two solutions and using T0(r)W (r) =
+ImGR(ω) (B.4) we have desired relation
ξ0(ω) = fω(rh)ξ
h(ω) (5.38)
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For the AdS3-BH system we are considering we can exactly calculate fω(rh) from (3.13) and
equation (5.38) reduces to
ξ0(ω) =
(
1− i ω
πT
)
ξh(ω) (5.39)
Once we have obtained this relation (5.38) we can use the horizon fluctuation-dissipation the-
orem(5.33) and (5.36) to get
〈ξ0(−ω)ξ0(ω)〉 = −(1 + 2nB)ImGR(ω) (5.40)
This is the statement of boundary fluctuation-dissipation theorem.
6 Different Time Scales
Brownian motion is usually characterized mainly by two time scales [18] : relaxation time(tr)
and collision time(tc). Apart from these two there is another time scale called mean free path
time(tmfp). These different time scales come very naturally in kinetic theory of fluids. But in
the holographic context when one considers classical gravity in the bulk the dual field theory is
inevitably strongly coupled. In the same spirit the fluid that contains the quark in present context
is strongly coupled. As a consequence, as we will see in this section, all those intuitive notions
from kinetic theory don’t go through in this case of holographic Brownian motion. First of all we
will define the different time scales mentioned above.
• The relaxation time is a time scale which separates ballistic regime where the Brownian
particle moves inertially (displacement ∼ time) from diffusive regime where it undergoes a
random walk (displacement ∼ √time). This is the time taken by the system to thermalize.
In the small frequency regime (3.24) (using (3.20)) we can write the Langevin equation (2.29)
as [
− µ
2π
ω2 − iγ ω + . . .
]
x(ω) = ξ(ω) (6.1)
One obtains usual ballistic motion when the inertial term dominates over the diffusive term
i.e, µ2πω
2 >> γ ω. Evidently one gets one characteristic frequency when these two terms are
of equal strength.
ω ∼ γ
µ
≈
√
λT 2
Mkin
Consequently the corresponding time scale (relaxation time)
tr ∼ Mkin√
λT 2
(6.2)
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• The collision time is defined as a time scale over which random noise is correlated or in other
words it’s the time elapsed in a single collision. It measures how much γ(t− t′) deviates from
δ(t− t′). From (3.22) we obtain
γ(t) ≡ GR(t) = µ
2
√
λ
(
−µ
2
λ
+ 4π2T 2
)
e
− µ√
λ
t
(6.3)
In (6.3)
√
λ
µ naturally comes out to be a time scale. This is the ‘memory time’ which fixes the
width of γ(t). Hence it determines the duration of collision (tc).
12
tc =
√
λ
µ
≈
√
λ
Mkin
(6.4)
From (6.2) and (6.4)
tr
tc
∼
(
Mkin√
λT
)2
(6.5)
For ‘dilute’ fluid one expects tr >> tc. But from (6.5) it is clear that for strongly coupled
fluids for which λ >> 1 this relation is not necessarily true.
• Themean free path time is the time elapsed between two consecutive collisions of the Brownian
particle. As argued in [4] to obtain tmfp one needs to compute the 4-point correlation function.
Therefore it will be suppressed by a factor of 1√
λ
compared to tc.
tmfp ∼ 1√
λ
tc ≈ 1
Mkin
(6.6)
Again from (6.6) and (6.4) tmfp >> tc does not necessarily hold for λ >> 1.
7 Conclusions
We have studied the Brownian diffusion of a particle in one dimension using the holographic tech-
niques. The holographic dual is a BTZ black hole with a string. We have used the Green function
techniques of Son and Teaney [5]. Since the differential equation can be solved exactly we find an
exact Green function and an exact (generalized) Langevin equation.
12One can observe that this is the pole of the retarded Green function at ω = −i µ√
λ
that fixes the collision time scale.
Here we have used Dirichlet boundary condition (standard quantization) (3.13) on the string modes at the boundary.
On the other hand, if one uses Neumann boundary condition (alternative quantization), presumably one would get the
retarded Green function, G˜R = G
−1
R (see Appendix A of [50]). These two different boundary conditions describe two
completely different dual CFTs. Therefore, for the latter CFT the corresponding time scale is determined by the zero of
our Green function GR(ω) i.e, ω = −i2πT and thus tc ∼ 1T . For example, in [4] Neumann boundary condition is used
and the collision time, tc ∼ 1T .
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Some interesting features:
• We show that the exact generalized Langevin equation, which is valid on short time scales
also, does not suffer from the inconsistency that is associated with the usual Langevin equa-
tion that has a delta function for the drag term.
• We also find that the temperature dependent mass correction is zero (in the limit that the
UV cutoff is taken to infinity) unlike in the higher dimensional cases.
• There is also a temperature independent dissipation at all frequencies. At high frequencies
it is a drag term. This does not violate Lorentz invariance as the force on a quark moving
with constant velocity for all time continues to be zero. This has already been studied in
higher dimensional systems and is due to radiation [35–40]. It is noteworthy that a temper-
ature independent dissipation in one dimension has also been noted in the condensed matter
literature [41–46].
• Once again because an exact Green function is available, the “stretched horizon” can in fact
be placed at an arbitrary radius and an effective action obtained.
It would be interesting to study the holographic RG interpretation [49,50] in this case. It would
also be interesting to study the same problem using a charged BTZ black hole, thereby introducing
a chemical potential. The phenomenon of zero temperature dissipation and drag is fascinating and
it would be interesting to explore this further using holographic techniques.
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A Associated Legendre Differential Equation and Its
Solutions
The associated Legendre differential equation is a generalization of the Legendre differential equa-
tion and is given by
d
dz
[
(1− z2)dy
dz
]
+
[
λ(λ+ 1) +
µ2
1− z2
]
y = 0 (A.1)
which can be written
(1− z2)y′′ − 2zy′ +
[
λ(λ+ 1)− µ
2
1− z2
]
y = 0 (A.2)
Pµλ and Q
µ
λ are the two linearly independent solutions to the associated Legendre D.E . The so-
lutions Pµλ to this equation are called the associated Legendre polynomials (if λ is an integer), or
associated Legendre functions of the first kind (if is not an integer). Similarly, Qµλ is a Legendre
function of the second kind. These functions may actually be defined for general complex param-
eters and argument. In particular they can be expressed in terms of hypergeometric functions and
gamma functions
Pµλ (z) =
1
Γ(1− µ)
[
1 + z
1− z
]µ/2
2F1
(
−λ, λ+ 1; 1 − µ; 1− z
2
)
(A.3)
Qµλ(z) =
√
π Γ(λ+ µ+ 1)
2λ+1Γ(λ+ 3/2)
1
zλ+µ+1
(
1− z2)µ2 2F1(λ+ µ+ 1
2
,
λ+ µ+ 2
2
;λ+
3
2
;
1
z2
)
(A.4)
For the EOM of the string (3.11) the general solution will be
fω(r) = C1
P iw1
r
+ C2
Qiw1
r
(A.5)
From above expressions (A.3) and (A.4) we get,
P iw1 (r) =
1
Γ(1− iw)
[
1 + r
1− r
]iw/2
2F1
(
−1, 2; 1 − iw; 1− r
2
)
Qiw1 (r) =
√
π Γ(2 + iw)
4Γ(5/2)
1
r(2+iw)
(
1− r2) iw2 2F1(2 + iw
2
,
3 + iw
2
;
5
2
;
1
r2
)
Near the horizon f(r) = 1− 1r2 → 0 i.e, r → 1. So the dominant behavior of the solution near
the horizon will be of the form,
fω(r) ∼ (r − 1)±α
From above two solutions it is evident that
P iw1 (r)
r ∼ (1− r)−iw/2 and
Qiw1 (r)
r ∼ (1− r)iw/2. Now,
e−iωt.(1− r)−iw/2 ∼ e−iω{t+ 12piT ln(r−1)}
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Notice that near the horizon r → 1 , ln(r − 1) goes more and more negative. Now to keep the
phase fixed t must increase. That means this wave moves towards the horizon with increment of
time . So,
P iw1
r ∼ (1 − r)−iw/2 is the desired incoming wave solution . And by the same token
Qiw1
r ∼ (1− r)iw/2 is the outgoing wave solution. To get retarded propagator one has to choose
P iw1
r .
B Retarded Bulk to Bulk Correlators
If we have retarded Green function in the boundary theory we can always construct other Green
functions. As we know the solution to the string EOM exactly we can build the exact retarded
bulk-to-bulk correlator, Gret(ω, r, r˜) which is in-falling at the horizon and normalizable at the
boundary. In section 3 we had fω(r) as a solution to the wave equation (3.10) and so was f
∗
ω(r).
As it was a linear differential equation any linear combination of them e.g, Imfω(r) =
fω(r)−f∗ω(r)
2i
is also a solution. But we had chosen them such that fω(r) and f
∗
ω(r)→ 1 as r →∞ . Therefore
Imfω(r) is a normalizable solution to that wave equation (3.10). Thus the retarded bulk-to-bulk
correlator is defined as
Gret(ω, r, r˜) =
Imfω(r)fω(r˜)θ(r, r˜) + fω(r)Imfω(r˜)θ(r˜, r)
T0(r˜)Wret(r˜)
(B.1)
Wret(r˜) ≡ Imf ′ω(r˜)fω(r˜)− f ′ω(r˜)Imfω(r˜) (B.2)
Now from equation (3.13) (taking rm →∞) we obtain the Wronskian as
Wret(r˜) =
w
3 +w
r˜2 − r˜4 (B.3)
The interesting thing to notice that the Wronskian depends on r˜ in such a way that T0(r˜) =√
λπ2T 3
2 r˜
2(r˜2 − 1) cancels that r˜-dependence. Therefore the denominator of (B.1)
T0(r˜)Wret(r˜) = − 1
2
π2
√
λT 3
(
w
3 +w
)
= + ImGR(ω) (B.4)
becomes independent of r˜.
Now we can write (B.1) as
Gret(ω, r, r˜) ≡ G+ret(ω, r, r˜) θ(r, r˜) + G−ret(ω, r, r˜) θ(r˜, r) (B.5)
And finally using (3.13) and (B.4) we obtain
G+ret(ω, r, r˜) =
(
1− r2)− iω2piT (1 + r˜
1− r˜
) iω
2piT
(πr˜T − iω) e− ωT
(ω + iπrT ) (1 + r)
iω
piT + eω/T (1− r) iωpiT (ω − iπrT )
π
√
λrr˜T 2ω (π2T 2 + ω2)
(B.6)
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G−ret(ω, r, r˜) =
(
1− r˜2)− iω2piT (1 + r
1− r
) iω
2piT
(πrT − iω) e− ωT
(ω + iπr˜T ) (1 + r˜)
iω
piT + eω/T (1− r˜) iωpiT (ω − iπr˜T )
π
√
λrr˜T 2ω (π2T 2 + ω2)
(B.7)
References
[1] J. M. Maldacena, “The large N limit of superconformal field theories and supergravity”, Adv.
Theor. Math. Phys. 2 (1998) 231. [hep-th/9711200]
[2] S. S. Gubser, I. R. Klebanov and A. M. Polyakov, “Gauge theory correlators from non-critical
string theory”, Phys. Lett. B 428 (1998) 105. [hep-th/9802109]
[3] E. Witten, “Anti-de Sitter space and holography”, Adv. Theor. Math. Phys. 2 (1998) 253.
[hep-th/9802150]
[4] J. de Boer, V. E. Hubeny, M. Rangamani, M Shigemori, “Brownian motion in AdS/CFT”,
JHEP 0907, (2009) 094 [arXiv:0812.5112[hep-th]]
[5] D. T. Son and D. Teaney, “Thermal Noise and Stochastic Strings in AdS/CFT”, JHEP 0907
, (2009) 021. [arXiv:0901.2338[hep-th]]
[6] D. Tong and K. Wong, “Fluctuation and Dissipation at a Quantum Critical Point”,
Phys.Rev.Lett. 110 , (2013) 061602. [arXiv:1210.1580[hep-th]]
[7] Md. Edalati, J. F. Pedraza and W. T. Garcia, “Quantum Fluctuations in Holographic Theories
with Hyperscaling Violation”, Phys. Rev. D 87, (2013) 046001 . [arXiv:1210.6993[hep-th]]
[8] E. Kiritsis, “Lorentz violation, Gravity, Dissipation and Holography”, JHEP 1301 (2013) 030.
[arXiv:1207.2325[hep-th]]
[9] S. Caron-Huot, P. M. Chesler and D. Teaney, “Fluctuation, dissipation, and thermaliza-
tion in non-equilibrium AdS5 black hole geometries”, Phys.Rev. D 84, (2011) 026012.
[arXiv:1102.1073[hep-th]]
[10] A. Mukhopadhyay, “Non-equilibrium fluctuation-dissipation relation from holography”,
Phys.Rev. D 87, (2013) 066004. [arXiv:1206.3311[hep-th]]
35
[11] W. Fischler, J. F. Pedraza and W. T. Garcia, “Holographic Brownian Motion in Magnetic
Environments”, JHEP 1212, (2012) 002. [arXiv:1209.1044[hep-th]]
[12] B. -W. Xiao, “On the exact solution of the accelerating string in AdS(5) space,” Phys. Lett.
B 665 (2008) 173 [arXiv:0804.1343 [hep-th]].
[13] E. Caceres, M. Chernicoff, A. Guijosa, J. F. Pedraza, “Quantum Fluctuations and the
Unruh Effect in Strongly-Coupled Conformal Field Theories”, JHEP 1006 , (2010) 078.
[arXiv:1003.5332[hep-th]]
[14] Y. Hatta, E. Iancu, A.H. Mueller, D.N. Triantafyllopoulos, “Radiation by a heavy quark in
N=4 SYM at strong coupling”, Nucl.Phys. B 850 (2011) 31-52. [arXiv:1102.0232 [hep-th]]
[15] M. Chernicoff, A. Guijosa and J. F. Pedraza,“The Gluonic Field of a Heavy Quark in Con-
formal Field Theories at Strong Coupling”, JHEP 1110 (2011) 041. [arXiv:1106.4059[hep-th]]
[16] M. Chernicoff, J. A. Garcia, A. Guijosa and J. F. Pedraza, “Holographic Lessons for Quark
Dynamics”, J. Phys. G G 39, 054002 (2012) [arXiv:1111.0872 [hep-th]].
[17] R. Kubo, “Statistical Mechanics of Equilibrium and Non-equilibrium”, Proc. Int. Symposium,
Aachen in 1964 (1965) 81-99
[18] R. Kubo, “The fluctuation-dissipation theorem”, Rep. Prog. Phys. 29 (1966) 255
[19] H. Mori, “A continued-fraction representation of the time-correlation functions”, Prog.
Theor. Phys. 34 (1965) 399
[20] H. Mori, “Transport, collective motion, and Brownian motion”, Prog. Theor. Phys. 33, 423
(1965)
[21] N. G. van Kampen, “Stochastic processes in physics and chemistry”, North Holland 1981,
3rd edn. (2007)
[22] P. Langevin, “On the Theory of Brownian Motion”, C. R. Acad. Sci., Paris. 146 (1908) 530-533
[23] H. Grabert, P. Schramm and G. L. Ingold, “Quantum Brownian Motion : The functional
integral approach”, Phys. Rept. 168 (1988) 115
36
[24] C. Greiner and S. Leupold, “Stochastic interpretation of Kadanoff-Baym equations and their
relation to Langevin processes”, Annals Phys. 270 (1998) 328. [hep-ph/9802312]
[25] K. C. Chou, Z. B. Su, B. L. Hao and L. Yu, “Equilibrium and nonequilibrium formalisms
made unified”, Phys. Rept. 118 (1985) 1
[26] S. Caron-Huot and G. D. Moore, “Heavy quark diffusion in QCD and N =4 SYM at
next-to-leading order”, JHEP 0802, (2008) 081
[27] D. T. Son and A. O. Starinets, “Minkowski-space correlators in AdS/CFT correspondence:
recipe and applications” , JHEP 0209, (2002) 042. [hep-th/0205051]
[28] C. P. Herzog and D. T. Son, “Schwinger-Keldysh propagators from AdS/CFT correspon-
dence”, JHEP 0303, (2003) 046 [hep-th/0212072]
[29] E. Witten, “Anti-de Sitter space, thermal phase transition, and confinement in gauge
theories”, Adv. Theor. Math. Phys 2 (1998) 505. [hep-th/9803131]
[30] W. G. Unruh, “Notes on black hole evaporation”, Phys. Rev. D. 14 (1976) 870
[31] N. D. Birrell and P. C. W. Devies, “Quantum fields in curved space”, Cambridge university
press (1982)
[32] C. P. Herzog, A. Karch, P. Kovtun, C. Kozcaz and L. G. Yaffe, “Energy loss of a heavy
quark moving through N = 4 supersymmetric Yang-Mills plasma”, JHEP 0607, (2006) 013.
[hep-th/0605158]
[33] J. Casalderrey-Solana and D. Teaney, “Heavy Quark Diffusion in Strongly Coupled N = 4
Yang Mills”, Phys. Rev. D 74, 085012 (2006). [hep-ph/0605199]
[34] S. S. Gubser, “Drag force in AdS/CFT”, Phys. Rev. D 74, 126005 (2006). [hep-th/0605182]
[35] A.Mikhailov, “Nonlinear waves in AdS/CFT correspondence”, [hep-th/0305196]
[36] M. Chernicoff, J. A. Garcia and A. Guijosa, “Generalized Lorentz-Dirac Equation for a
Strongly-Coupled Gauge Theory”, Phys.Rev.Lett. 102 (2009) 241601. [arXiv:0903.2047[hep-
th]]
37
[37] M. Chernicoff, J. A. Garcia and A. Guijosa, “A Tail of a Quark in N = 4 SYM”, JHEP 0909
(2009) 080. [arXiv:0906.1592[hep-th]]
[38] S. S. Gubser, “Momentum fluctuations of heavy quarks in the gauge-string duality”,
Nucl.Phys. B 790 (2008) 175-199. [hep-th/0612143]
[39] J. Casalderrey-Solana and D. Teaney, “Transverse Momentum Broadening of a Fast Quark
in a N=4 Yang Mills Plasma”, JHEP 0704 (2007) 039. [hep-th/0701123]
[40] M. Chernicoff and A. Guijosa, “Acceleration, Energy Loss and Screening in Strongly-Coupled
Gauge Theories”, JHEP 0806 (2008) 005. [arXiv:0803.3070[hep-th]]
[41] G. E. Astrakharchik and L. P. Pitaevskii, “Motion of a heavy impurity through a Bose-
Einstein condensate”, Phys. Rev. A 70, 013608 (2004). [cond-mat/0307247]
[42] P. M. Walmsley et al , “Dissipation of Quantum Turbulence in the Zero Temperature Limit”,
Phys. Rev. Lett. 99, 265302 (2007). [arXiv:0710.1033[cond-mat]]
[43] P. Mohanty, E. M. Q. Jariwala, and R. A. Webb, “Intrinsic Decoherence in Mesoscopic
Systems”, Phys. Rev. Lett. 78, 3366 (1997) [cond-mat/9710095]
[44] J. Bonart and L. F. Cugliandolo, “Effective potential and polaronic mass shift in a trapped
dynamical impurity-Luttinger liquid system”, EPL, 101, 16003 (2013) [arXiv:1210.4183[cond-
mat]]
[45] A. Y. Cherny, J.S. Caux, J. Brand, “Theory of superfluidity and drag force in the one-
dimensional Bose gas”, Frontiers of Physics 7, 1 (2012) 54-71 [arXiv:1106.6329[cond-mat]]
[46] A.Levchenko and A. Kamenev, “Coulomb Drag at Zero Temperature”, Phys. Rev. Lett. 100,
026805 (2008)
[47] A. N. Atmaja, “Effective Mass of Holographic Brownian Particle in Rotating Plasma”.
[arXiv:1308.3014[hep-th]].
[48] I. R. Klebanov and E. Witten, “AdS/CFT Correspondence and Symmetry Breaking”, Nucl.
Phys. B 556, (1999) 89-114. hep-th/9905104
[49] I. Bredberg, C. Keeler, V. Lysov, A. Strominger, “Wilsonian Approach to Fluid/Gravity
Duality”, JHEP 1103 (2011) 141. [arXiv:1006.1902[hep-th]]
38
[50] T. Faulkner, H. Liu and M. Rangamani, “Integrating out geometry: Holographic Wilsonian
RG and the membrane paradigm”, JHEP 1108, (2011) 051 . [arXiv:1010.4036[hep-th]]
[51] B. C. van Rees, “Real-time gauge/gravity duality and ingoing boundary conditions” , Nucl.
Phys. Proc. Suppl. , (2009) 193-196. [arXiv : 0902.4010[hep-th]]
[52] K. Skenderis and B. C. van Rees, “Real-time gauge/gravity duality : Prescription, Renor-
malization and Examples”. [arXiv : 0812.2909[hep-th]]
[53] A. N. Atmaja , J. de Boer and M. Shigemori, “Holographic Brownian Motion and Time
Scales in Strongly Coupled Plasmas”. [arXiv : 1002.2429[hep-th]]
[54] E. Kiritsis, L. Mazzanti, F. Nitti, “Dressed Spectral Densities for Heavy Quark Diffusion in
Holographic Plasmas”, J. Phys G 39, 054003 (2012). [arXiv 1111.1008[hep-th]]
***
39
